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Introduction 
Vendor Managed Inventory (VMI) systems seems to be  at the core of 
most global supply chains .  
Concept: The replenishment & the distribution making process is 
centralized at supplier level. Supplier acts as central decision maker. This 
policy leads to an overall reduction of logistic cost. 
Advantage: More efficient resource utilization. Often described as a win 
– win situation.  
Inventory Routing Problem (IRP) constitutes the backbone of the VMI 
systems. 
 Decision to be taken are: 
1. When to deliver to each customer 
2. How much to deliver to each 

customer each time it is served 
3. How to route the vehicles so as to 

minimize the total cost. 



Motivation 

•Need of major electronics multinationals with production both in Asia 
and Europe and various warehouses throughout their global supply 
chain management for more efficient resource utilization  . 
•Need to adjust their operations to meet the requirements of their 
clients.    
•Need to account the uncertainty of demand . 



State of the art 

The problem was first introduced by Bell et al.(1983) and Federgruen & 
Zipkin (1984) . 
To the best of our knowledge there are two seminal papers regarding 
literature review on the IRP Andersson et al.(2010) related to business 
models and classification of problems and Coelho et al. (2014) related to 
methods and algorithms. 
On the other hand Geisen, Mahmassani and Jaillet (2009) and Rabah 
and Mahmassani (2002) provide an excellent reference for applications 
of VMI policies with stochastic demand.  
 Bertazzi ,Paletta and Speranza(2002) introduced a practical VMI policy 
the deterministic Order – Up – to level policy.  
Arhetti et al. (2007) developed the first exact method based on the OU-
Policy. 
Coelho & Laporte (2012) introduce the transshipment cost within IRP 
and developed an exact method as well as an ALNS metaheuristic for 
large scale instances.    

 
 

 



IRP under uncertainty 

• Campbell et al. (1998) set the basis for the rolling horizon framework 

• Kleywegt et al. (2002, 2004) formulated the stochastic IRP as a 
Marcov Decision Process (MDP) over an infinite horizon, 

•  Solyali et al.(2012)  proposed two mixed integer programming 
formulations of the robust version of the problem, which produce 
policies leading to feasible solution and optimal cost for any 
realization of the demand  

• Bertazzi et al. (2013) as well as Coelho (2012) rely on a dynamic 
programming formulation that allows the design of a hybrid rollout 
formulation aiming to find good quality solution.   

  

 

 

State of the art 



Contribution 

• Introduce a stochastic programming model for the IRP and 
propose an L – Shaped algorithm that efficiently solves the 
SIRP using transshipment as recourse action. 

 
• Introduce new valid inequalities for the first stage decision 

process which accounting forthcoming time period 
demand to determine the delivered quantities   



Methodology 

Stochastic Programming 
Model 

Deterministic Equivalent 
Model 

First Stage Decision Process: 
Inventory Routing Problem 

Second Stage Decision Process: 
Transshipment Recourse Actions 



Methodology 

L – Shaped 
Decomposition 

Algorithm  

1st STEP: 
Solve first 
stage MIP 

- IRP 

2nd STEP: 
for each 

scenario Solve 
2nd stage 

MIP  

3rd STEP: 
Perform 

convergence 
test 

4th STEP: 
Create 

optimality 
cut 

Determine Quantities 
& Routes 

Determine expected 
transshipment cost 

While desired 
accuracy not met 

Add optimality cut 

START 

END 



IRP 

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒  ℎ𝑖𝐼𝑖
𝑡

𝑖𝜖𝑉𝑡𝜖𝑇

+    𝑐𝑖𝑗 𝑥𝑖 ,𝑗
𝑡  

𝑖𝜖𝑉
𝑖≠𝑗

          

𝑖𝜖𝑉𝑡𝜖𝑇

 

𝐼1
𝑡 ≥ 0 ∀𝑡 ∈ 𝑇      

𝐼1
𝑡 ≥ 𝐼1

𝑡−1 +  𝑟𝑡 −  𝑞𝑖
𝑡

𝑖∈𝑉′

∀𝑡 ∈ 𝑇      

𝐼𝑖
𝑡 ≥ 0 ∀𝑡 ∈ 𝑇 , ∀𝑖 ∈ 𝑉′    

𝐼𝑖
𝑡 ≥ 𝐼𝑖

𝑡−1 + 𝑞𝑖
𝑡 − 𝑑𝑖

𝑡   ∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝑉′   

𝐼𝑖
𝑡 ≤ 𝐶𝑖  ∀𝑡 ∈ 𝑇 ,∀𝑖 ∈ 𝑉′   

 𝑞𝑖
𝑡

𝑖∈𝑉′

≤ 𝐶 ∀𝑡 ∈ 𝑇      

 𝑞𝑖
𝑡 ≥

𝑡∈𝑇

 𝑑𝑖
𝑡

𝑡∈𝑇

− 𝐼𝑖
0 , ∀𝑖 ∈ 𝑉′     

𝑞𝑖
𝑡 ≤ 𝑦𝑖

𝑡  𝑑𝑖
𝑗

𝐻

𝑗 =𝑡

, ∀𝑖 ∈ 𝑉 ′, ∀𝑡 ∈ 𝑇    

 𝑞𝑖
𝑗

𝑡

𝑗 =1

≤ 𝐼1
0 +  𝑟𝑗

𝑡

𝑗 =1

 , ∀𝑡 ∈ 𝑇, , ∀𝑖 ∈ 𝑉 ′     

  𝑥1𝑗
𝑡

𝑗∈𝑉 ′𝑡∈𝑇

≤ 𝐻           

 𝑥1𝑗
𝑡

𝑗∈𝑉 ′

≤ 𝑦1
𝑡  ∀𝑡 ∈ 𝑇     

 𝑥𝑖𝑗
𝑡

𝑗∈𝑉 ′

+  𝑥𝑗𝑖
𝑡 = 2𝑦𝑖

𝑡   ∀𝑡 ∈ 𝑇 ,

𝑗∈𝑉 ′

∀𝑖 ∈ 𝑉 ′      

𝑥𝑖 ,𝑗
𝑡 ≤ 𝑦𝑖

𝑡∀𝑡 ∈ 𝑇, ∀𝑖, 𝑗 ∈ 𝑉 ′ 

𝑥𝑖 ,𝑗
𝑡 ≤ 𝑦𝑗

𝑡∀𝑡 ∈ 𝑇, ∀𝑖, 𝑗 ∈ 𝑉 ′    

𝐶 1 − 𝑥𝑖 ,𝑗
𝑡  + 𝑢𝑖

𝑡 ≥ 𝑢𝑗
𝑡 + 𝑞𝑗

𝑡     ∀𝑖, 𝑗 ∈ 𝑉 ′: 𝑖 ≠ 𝑗, 𝑡 ∈ 𝑇 

𝑞𝑖
𝑡 ≤  𝑢𝑖

𝑡    ∀𝑖, 𝑗 ∈ 𝑉 ′, 𝑡 ∈ 𝑇     

𝑢𝑖
𝑡 ≤ 𝑦𝑖

𝑡 ∗ 𝐶    ∀𝑖 ∈ 𝑉 ′, 𝑡 ∈ 𝑇 

𝑦𝑖
𝑡 ≤ 𝑦1

𝑡∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝑉 ′ 

𝑞𝑖
𝑡 , 𝑢𝑖

𝑡 ≥ 0∀𝑖 ∈ 𝑉 ′, 𝑡 ∈ 𝑇 

𝑥𝑖 ,𝑗
𝑡 ∈  0,1  ∀𝑖, 𝑗 ∈ 𝑉 ′: 𝑖 ≠ 𝑗, 𝑡 ∈ 𝑇 

𝑦𝑖
𝑡 ∈  0,1  ∀𝑖 ∈ 𝑉, 𝑡 ∈ 𝑇 

IRP  
without OU Policy 



IRP 

𝐼1
𝑡 ≥ 0 ∀𝑡 ∈ 𝑇      

𝐼1
𝑡 ≥ 𝐼1

𝑡−1 +  𝑟𝑡 −  𝑞𝑖
𝑡

𝑖∈𝑉′

∀𝑡 ∈ 𝑇      

𝐼𝑖
𝑡 ≥ 0 ∀𝑡 ∈ 𝑇 , ∀𝑖 ∈ 𝑉′    

𝐼𝑖
𝑡 ≥ 𝐼𝑖

𝑡−1 + 𝑞𝑖
𝑡 − 𝑑𝑖

𝑡   ∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝑉′   

𝐼𝑖
𝑡 ≤ 𝐶𝑖  ∀𝑡 ∈ 𝑇 ,∀𝑖 ∈ 𝑉′   

 𝑞𝑖
𝑡

𝑖∈𝑉′

≤ 𝐶 ∀𝑡 ∈ 𝑇      

 𝑞𝑖
𝑡 ≥

𝑡∈𝑇

 𝑑𝑖
𝑡

𝑡∈𝑇

− 𝐼𝑖
0 , ∀𝑖 ∈ 𝑉′     

𝑞𝑖
𝑡 ≤ 𝑦𝑖

𝑡  𝑑𝑖
𝑗

𝐻

𝑗 =𝑡

, ∀𝑖 ∈ 𝑉 ′, ∀𝑡 ∈ 𝑇    

 𝑞𝑖
𝑗

𝑡

𝑗 =1

≤ 𝐼1
0 +  𝑟𝑗

𝑡

𝑗 =1

 , ∀𝑡 ∈ 𝑇, , ∀𝑖 ∈ 𝑉 ′     

  𝑥1𝑗
𝑡

𝑗∈𝑉 ′𝑡∈𝑇

≤ 𝐻           

 𝑥1𝑗
𝑡

𝑗∈𝑉 ′

≤ 𝑦1
𝑡  ∀𝑡 ∈ 𝑇     

 𝑥𝑖𝑗
𝑡

𝑗∈𝑉 ′

+  𝑥𝑗𝑖
𝑡 = 2𝑦𝑖

𝑡   ∀𝑡 ∈ 𝑇 ,

𝑗∈𝑉 ′

∀𝑖 ∈ 𝑉 ′      

𝑥𝑖 ,𝑗
𝑡 ≤ 𝑦𝑖

𝑡∀𝑡 ∈ 𝑇, ∀𝑖, 𝑗 ∈ 𝑉 ′ 

𝑥𝑖 ,𝑗
𝑡 ≤ 𝑦𝑗

𝑡∀𝑡 ∈ 𝑇, ∀𝑖, 𝑗 ∈ 𝑉 ′    

𝐶 1 − 𝑥𝑖 ,𝑗
𝑡  + 𝑢𝑖

𝑡 ≥ 𝑢𝑗
𝑡 + 𝑞𝑗

𝑡     ∀𝑖, 𝑗 ∈ 𝑉 ′: 𝑖 ≠ 𝑗, 𝑡 ∈ 𝑇 

𝑞𝑖
𝑡 ≤  𝑢𝑖

𝑡    ∀𝑖, 𝑗 ∈ 𝑉 ′, 𝑡 ∈ 𝑇     

𝑢𝑖
𝑡 ≤ 𝑦𝑖

𝑡 ∗ 𝐶    ∀𝑖 ∈ 𝑉 ′, 𝑡 ∈ 𝑇 

𝑦𝑖
𝑡 ≤ 𝑦1

𝑡∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝑉 ′ 

𝑞𝑖
𝑡 , 𝑢𝑖

𝑡 ≥ 0∀𝑖 ∈ 𝑉 ′, 𝑡 ∈ 𝑇 

𝑥𝑖 ,𝑗
𝑡 ∈  0,1  ∀𝑖, 𝑗 ∈ 𝑉 ′: 𝑖 ≠ 𝑗, 𝑡 ∈ 𝑇 

𝑦𝑖
𝑡 ∈  0,1  ∀𝑖 ∈ 𝑉, 𝑡 ∈ 𝑇 

SIRP  
with recourse action of transshipment 

𝐼𝑖
𝑡 −  𝑤𝑖𝑘

𝑡  𝜔 +  𝑤𝑘𝑖
𝑡 (𝜔)𝑘∈𝑉

𝑘≠𝑖
𝑘∈𝑉′
𝑘≠𝑖

≥ 0 , ∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝑉   

𝐼𝑖
𝑡 = 𝐼𝑖

𝑡−1 −  𝑤𝑖𝑘
𝑡 (𝜔)

𝑘∈𝐵
𝑘≠𝑖

+  𝑤𝜅𝑖
𝑡 (𝜔)

𝑘∈𝛢
𝑘≠𝑖

 + 𝑞𝑖
𝑡 − 𝑑𝑖

𝑡(𝜔) ∀𝑡 ∈ 𝑇 , ∀𝑖 ∈ 𝑉′  



IRP 

𝐼1
𝑡 ≥ 0 ∀𝑡 ∈ 𝑇      

𝐼1
𝑡 ≥ 𝐼1

𝑡−1 +  𝑟𝑡 −  𝑞𝑖
𝑡

𝑖∈𝑉′

∀𝑡 ∈ 𝑇      

𝐼𝑖
𝑡 ≥ 0 ∀𝑡 ∈ 𝑇 , ∀𝑖 ∈ 𝑉′    

𝐼𝑖
𝑡 ≥ 𝐼𝑖

𝑡−1 + 𝑞𝑖
𝑡 − 𝑑𝑖

𝑡   ∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝑉′   

𝐼𝑖
𝑡 ≤ 𝐶𝑖  ∀𝑡 ∈ 𝑇 ,∀𝑖 ∈ 𝑉′   

 𝑞𝑖
𝑡

𝑖∈𝑉′

≤ 𝐶 ∀𝑡 ∈ 𝑇      

 𝑞𝑖
𝑡 ≥

𝑡∈𝑇

 𝑑𝑖
𝑡

𝑡∈𝑇

− 𝐼𝑖
0 , ∀𝑖 ∈ 𝑉′     

𝑞𝑖
𝑡 ≤ 𝑦𝑖

𝑡  𝑑𝑖
𝑗

𝐻

𝑗 =𝑡

, ∀𝑖 ∈ 𝑉 ′, ∀𝑡 ∈ 𝑇    

 𝑞𝑖
𝑗

𝑡

𝑗 =1

≤ 𝐼1
0 +  𝑟𝑗

𝑡

𝑗 =1

 , ∀𝑡 ∈ 𝑇, , ∀𝑖 ∈ 𝑉 ′     

  𝑥1𝑗
𝑡

𝑗∈𝑉 ′𝑡∈𝑇

≤ 𝐻           

 𝑥1𝑗
𝑡

𝑗∈𝑉 ′

≤ 𝑦1
𝑡  ∀𝑡 ∈ 𝑇     

 𝑥𝑖𝑗
𝑡

𝑗∈𝑉 ′

+  𝑥𝑗𝑖
𝑡 = 2𝑦𝑖

𝑡   ∀𝑡 ∈ 𝑇 ,

𝑗∈𝑉 ′

∀𝑖 ∈ 𝑉 ′      

𝑥𝑖 ,𝑗
𝑡 ≤ 𝑦𝑖

𝑡∀𝑡 ∈ 𝑇, ∀𝑖, 𝑗 ∈ 𝑉 ′ 

𝑥𝑖 ,𝑗
𝑡 ≤ 𝑦𝑗

𝑡∀𝑡 ∈ 𝑇, ∀𝑖, 𝑗 ∈ 𝑉 ′    

𝐶 1 − 𝑥𝑖 ,𝑗
𝑡  + 𝑢𝑖

𝑡 ≥ 𝑢𝑗
𝑡 + 𝑞𝑗

𝑡     ∀𝑖, 𝑗 ∈ 𝑉 ′: 𝑖 ≠ 𝑗, 𝑡 ∈ 𝑇 

𝑞𝑖
𝑡 ≤  𝑢𝑖

𝑡    ∀𝑖, 𝑗 ∈ 𝑉 ′, 𝑡 ∈ 𝑇     

𝑢𝑖
𝑡 ≤ 𝑦𝑖

𝑡 ∗ 𝐶    ∀𝑖 ∈ 𝑉 ′, 𝑡 ∈ 𝑇 

𝑦𝑖
𝑡 ≤ 𝑦1

𝑡∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝑉 ′ 

𝑞𝑖
𝑡 , 𝑢𝑖

𝑡 ≥ 0∀𝑖 ∈ 𝑉 ′, 𝑡 ∈ 𝑇 

𝑥𝑖 ,𝑗
𝑡 ∈  0,1  ∀𝑖, 𝑗 ∈ 𝑉 ′: 𝑖 ≠ 𝑗, 𝑡 ∈ 𝑇 

𝑦𝑖
𝑡 ∈  0,1  ∀𝑖 ∈ 𝑉, 𝑡 ∈ 𝑇 

SIRP  
Deterministic Equivalent 

𝐼𝑖
𝑡 −  𝑤𝑖𝑘

𝑡  𝜔 +  𝑤𝑘𝑖
𝑡 (𝜔)𝑘∈𝑉

𝑘≠𝑖
𝑘∈𝑉′
𝑘≠𝑖

≥ 0 , ∀𝑡 ∈ 𝑇, ∀𝑖 ∈ 𝑉   

𝐼𝑖
𝑡 = 𝐼𝑖

𝑡−1 −  𝑤𝑖𝑘
𝑡 (𝜔)

𝑘∈𝐵
𝑘≠𝑖

+  𝑤𝜅𝑖
𝑡 (𝜔)

𝑘∈𝛢
𝑘≠𝑖

 + 𝑞𝑖
𝑡 − 𝑑𝑖

𝑡(𝜔) ∀𝑡 ∈ 𝑇 , ∀𝑖 ∈ 𝑉′  



Results 
 

0 1000 2000 3000 4000 5000 6000 7000 8000 

5 

10 

15 

20 

z* Value 

N
u

m
b

er
 o

f 
C

u
st

o
m

e
rs

 

High Inventory Cost 
z* Chrysochoou, Ziliaskopoulos & Lois z* Arhetti et al.(2007) 

0 1000 2000 3000 4000 

5 

10 

15 

20 

z* Value 

N
u

m
b

er
 o

f 
C

u
st

o
m

e
rs

 

Low Inventory Cost 
z* Chrysochoou, Ziliaskopoulos & Lois z* Arhetti et al.(2007) 

H
 =

 3
 p

e
r
io

d
s
  

0 2000 4000 6000 8000 10000 12000 14000 16000 

5 

10 

15 

20 

z* Value 

N
u

m
b

e
r 

o
f 

C
u

st
o

m
e

rs
 

High Inventory Cost 
z* Chrysochoou, Ziliaskopoulos & Lois z* Arhetti et al.(2007) 

0 2000 4000 6000 8000 

5 

10 

15 

20 

z* Value 

N
u

m
b

er
 o

f 
C

u
st

o
m

er
s 

Low Inventory Cost 
z* Chrysochoou, Ziliaskopoulos & Lois z* Arhetti et al.(2007) 

H
 =

 6
 p

e
ri

o
d

s
  

Algorithm was coded in ILOG Optimization Studio CPLEX 12.4. 

Benchmark instances of Arhetti et al. (2007) were used to evaluate the proposed 

valid inequalities. 
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Computational results of L - Shaped 

•Transshipment significantly 
improves the overall performance 
of vendor managed inventory 
supply chain. 
 

 
•Relaxation of the Order – Up to 
level policy in coherence to the 
decision of accounting forthcoming 
demand to determine the quantity 
of shipments demonstrate savings 
of 15% on an average. 
 



Results 
 Evaluation of Transshipment costs  



Conclusion  
 

• Nowadays of unstable global economic conditions 
the demand of products become highly uncertain in 
many business areas. 

• Sustainability of business depend on the ability to 
handle market uncertainties. 

•  Research should focus on development of models 
and methods that fit the industries needs of robust 
flexible plans to handle the uncertainties. 
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